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1. Introduction and Overview
In this note, we generalize the notion of L∞ space by allowing sheaves of L∞ algebras over any
nilpotent dg locally ringed space.
Since at least the work of Lada and Stasheff [LS93] or Lada and Markl [LM95], L∞ algebras
have played an important role in both physics and deformation theory. Motivated by using derived
geometry to build σ-models, Costello defined L∞ spaces in [Cos]. In joint work with Gwilliam
[GG14, GG15, GG], we used similar techniques to clarify the relationship between L∞ spaces and
smooth derived stacks, as well as, to provide several further examples, e.g., the L∞ space associated
to a Lie algebroid.
In the existing literature, an L∞ space is a sheaf of curved L∞ algebras over the dg manifold
(M,Ω∗M ) corresponding to a smooth manifoldM ; in the curved setting, we must also remember the
nilpotent ideal Ω≥1M . One should think of an L∞ space as a flat family of formal moduli problems
glued together over the smooth manifold M . Via their associated Maurer-Cartan functors (see
[GG15]), L∞ spaces provide examples of derived stacks. One can think of them as smooth (and
somewhat watered-down) analogues of the formal derived stacks of Calaque, Pantev, Toe¨n, Vaquie´,
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and Vezzosi [CPT+]; in particular, compare section 2 of the recent survey of Pantev and Vezzosi
[PV]. (See also Lurie’s work, especially [Lur10, Lur].)
Recently, Tu [Tua, Tub] has given another notion of L∞ space in his approach to derived geoeme-
try and the construction of fundamental cycles. This definition is very similar to that of Costello,
but critically does not require that the curvature term vanishes modulo a nilpotent ideal (see Re-
mark 3.3.4 of [Tua] for the precise comparison). One of our aims is to quantize various mapping
spaces using the BV formalism (a la Costello [Cos11]), for which we need the curvature to be
nilpotent.
In the present work, we enlarge the definition of L∞ space to include other types of families
of formal moduli problems. By changing the underlying parametrizing dg manifold, we obtain
smooth families, holomorphic families, or more generally families parametrized along the leaves
of a foliation. The details are provided in Section 3. We discuss the associated derived stack in
Section 4.
In section 5, we lay out a slew of examples. In particular, we show that Yu’s construction of the
Dolbeault dga of a formal neighborhood [Yu] defines a holomorphic L∞ space. In the final section
(Section 6), we use the data of a Lie algebroid L→ TM to construct an L∞ space over the cochains
of L. We show that the characteristic classes of this L∞ space recover the primary invariants of
the Lie algebroid L.
1.1. Notations and conventions. We work throughout in characteristic zero. We work cohomo-
logically, so the differential in any complex increases degree by one.
For A a cochain complex, A♯ denotes the underlying graded vector space. If A is a cochain
complex whose degree k space is Ak, then A[1] is the cochain complex where A[1]k = Ak+1. We
use A∨ to denote the graded dual.
For X a smooth manifold, we use TX to denote its tangent bundle as a vector bundle and TX
to denote the total space of that vector bundle. We use T∨X to denote the cotangent bundle.
If f : X → Y is a map of smooth manifolds and V a vector bundle, then we use f−1V to denote
the pullback vector bundle. Similarly, for F a sheaf on Y , we use f−1F to denote the pullback
sheaf, simply as a sheaf of sets or vector spaces. We reserve the notation f∗V for the case where V
is a sheaf of dg Ω∗Y -modules, and f
∗V denotes the sheaf of dg Ω∗X-modules obtained from f
−1V by
extending scalars.
For ρ : L→ TX a Lie algebroid, we let JL denote the sheaf of L-jets as defined in Appendix A.
In particular, for the Lie algebroid Id: TX → TX , we recover (smooth sections of) the infinite jet
bundle J → X.
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2. Preliminaries
We recall our conventions for L∞ algebras and Lie algebroids as the former are a central object
of study in the present work and the latter will appear in several examples. The expert can safely
skip this section.
2.1. Curved L∞ algebras.
Definition 2.1. Let A be a commutative dg algebra with a nilpotent dg ideal I. A curved L∞
algebra over A consists of
(1) a locally free, Z-graded A♯-module V and
(2) a linear map of cohomological degree 1
d : Sym(V [1])→ Sym(V [1]),
where Sym(V [1]) indicates the graded vector space given by the symmetric algebra over the graded
algebra A♯ underlying the dg algebra A. Further, we require
(i) d2 = 0,
(ii) (Sym(V [1]), d) is a cocommutative dg coalgebra over A (i.e., d is a coderivation), and
(iii) modulo I, the coderivation d vanishes on the constants (i.e., on Sym0).
To reduce notation, we use C∗(V ) to denote the cocommutative dg coalgebra (Sym(V [1]), d); we
call it the Chevally-Eilenberg homology complex of V , as it extends the usual notion of Lie algebra
homology. (Note, in contrast to some conventions, for us, the homology complex of any ordinary
Lie algebra g is concentrated in nonpositive degrees.)
There is also a natural Chevalley-Eilenberg cohomology complex C∗(V ). It is (Ŝym(V ∨[−1]), d),
where the notation Ŝym(V ∨[−1]) indicates the completed symmetric algebra over the graded algebra
A♯ underlying the dg algebra A. The differential d is the “dual” differential to that on C∗(V ). In
particular, it makes C∗(V ) into a commutative dg algebra, so d is a derivation.
Definition 2.2. A map of curved L∞ algebras φ : V → W is a map of cocommutative dg coalgebras
φ∗ : C∗(V ) → C∗(W ) respecting the cofiltration by I. A map φ is a weak equivalence if its linear
component φ1 : V →W is a quasi-isomorphism of cochain complexes.
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2.2. Lie Algebroids. Standard references for Lie algebroids include Mackenzie [Mac05] and Rine-
hart [Rin63].
Definition 2.3. A Lie algebroid on a smooth manifold X is a vector bundle L → X equipped
with the structure of a Lie algebra on its sheaf of smooth sections and an anchor map ρ : L→ TX ,
which is a map of vector bundles, such that
(1) the map on sections induced by ρ is a map of Lie algebras and
(2) for X,Y ∈ Γ(L) and f ∈ C∞X , we have the Leibniz rule
[X, fY ] = f [X,Y ] + (ρ(X)f)Y.
To any Lie algebroid ρ : L→ TX there is an associated commutative dg algebra. We will call it
the Chevalley-Eilenberg cohomology complex of L and denote it C∗(L), because it is modeled on the
Chevalley-Eilenberg cochain complex of a Lie algebra. It is often also called the de Rham complex
of L because for the Lie algebroid id : L = T → T , we have C∗(L) = Ω∗X , the usual de Rham
complex.
The complex is constructed as follows. Let L∨ be the dual vector bundle to L and consider the
map dL : Γ(X,Λ
mL∨)→ Γ(X,Λm+1L∨) given by
(dLα)(x0, . . . , xm) =
1
m+ 1
m+1∑
k=0
(−1)kρ(xk)α(x0, . . . , x̂k, . . . , xm)
+
1
m+ 1
∑
k<l
(−1)k+l+1α([xk, xl], x0, . . . , x̂k, . . . , x̂l, . . . , xm).
Define C∗(L) to be the cochain complex
C∞(X) = Γ(X,Λ0L∨)
dL−→ Γ(X,L∨)
dL−→ · · ·
dL−→ Γ(X,Λn−1L∨)
dL−→ Γ(X,ΛnL∨)
where n = dimX. We will let H∗L(X) denote the cohomology of C
∗(L). Notice that the anchor
map ρ : L → TX induces a cochain map ρ
∨ : Ω∗X → C
∗(L) and consequently an algebra map
H∗(ρ∨) : H∗dR(X) → H
∗
L(X). Just as we may view Ω
∗
X as a sheaf of commutative dg algebras on
X, we will also use C∗(L) to denote the sheaf of commutative dg algebras on X given by taking
smooth sections on varying open subsets of X.
The usual Chern-Weil theory extends to the setting of L-connections and the resulting charac-
teristic classes are called primary classes of the Lie algebroid L. These primary classes are always
cohomologous to the image under the map ρ∗ : Ω∗X → ΩL of classes that arise by equipping L
with a standard connection and applying the standard Chern-Weil construction. However, there
are secondary characteristic classes which are richer invariants of the Lie algebroid structure; see
Fernandes [Fer02] for further discussion.
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3. Parametrized L∞ Spaces
In this section we will define paramatrized L∞ spaces. These spaces describe families of for-
mal moduli problems of various flavors. The type of family will be dictated by the choice of a
paramatrizing dg nil-thickened manifold.
Definition 3.1. An dg nil-thickened manifold is a triple (M,AM ,IM) where
(1) M is a smooth manifold;
(2) AM is a sheaf of unital commutative differential graded algebras over Ω
∗
M such that there
exists a vector bundle A→M so that AM is the sheaf of sections of A;
(3) There is a map q : AM → C
∞
M of sheaves of Ω
∗
M algebras whose kernel is IM . Further, IM
satisfies the following:
(a) There exists a vector bundle I such that IM is the sheaf of sections of I.
(b) There exists a non-negative integer n such that there is a chain of vector bundles
0 = In+1 ⊂ In ⊂ In−1 ⊂ · · · ⊂ I,
so that the induced filtration at the level of sections is compatible with the algebra
structure, i.e.,
IkM · I
l
M ⊂ I
k+l
M .
Note that the existence of the vector bundle A is actually redudant since the kernel of the map
q : AM → C
∞
M is required to be a vector bundle. Further, the conditions in (3) mean that IM is a
nilpotent dg ideal.
Example 3.2. There are many geometric examples of dg nil-thickened manifold.
(1) For any smooth manifold, the triple (M,C∞M , 0) defines a dg nil-thickened manifold.
(2) For any smooth manifold, the triple
(
M,Ω∗M ,Ω
≥1
M
)
defines a dg nil-thickened manifold.
(3) Let Y be a complex manifold, then we can view the Dolbeault complex Ω0,∗Y as the quotient
of Ω∗Y by the ideal generated by Ω
1,∗
Y . Hence, the triple
(
Y,Ω0,∗Y ,Ω
0,≥1
Y
)
is a dg nil-thickened
manifold.
(4) Let M be a smooth manifold and ρ : L→ TM a Lie algebroid. The triple
(
M,C∗L,C≥1L
)
defines a dg nil-thickened manifold. In particular, to any foliation F ⊂ TM there is an
associated dg nil-thickened manifold.
We can now define L∞ spaces parametrized by a dg nil-thickened manifold.
Definition 3.3. Let (X,AX ,IX) be a dg nil-thickened manifold.
(1) A curved L∞ algebra over AX consists of a Z-graded topological vector bundle π : V → X
and the structure of a curved L∞ algebra structure on its sheaf of smooth sections, denoted
g, where the base algebra is AX with nilpotent ideal IX .
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(2) An L∞ space parametrized by (X,AX ,IX) is a pair (X, g
A), where gA is a curved L∞
algebra over AX .
4. The associated derived stack
In [GG15] we showed that L∞ spaces parametrized by
(
X,Ω∗X ,Ω
≥1
X
)
present derived stacks, the
same is true of L∞ spaces parametrized by a dg nil-thickened manifold (X,AX ,IX).
There is a site ndgMan of nil dg manifolds, in which an object M is a smooth manifold M
equipped with a sheaf OM of commutative dg algebras over Ω
∗
M that has a nil dg ideal IM such
that OM/IM ∼= C
∞
M . For the full definition, including the definition of cover, see [GG15].
Remark 4.1. In [GG15], we required the objects of ndgMan to satisfy a local Poincare´ lemma, i.e.,
for sufficiently small U ⊂ M , the cohomology of OM(U) is concentrated in non-positive degrees.
This requirement was motivated by classical deformation theory/derived geometry, but is actually
unneccessary and can be removed without bother.
Definition 4.2. A derived stack is a functor X : ndgManop → sSets satisfying
(1) X sends weak equivalences of nil dg manifolds to weak equivalences of simplicial sets;
(2) X satisfies Cˇech descent, i.e., if for every nil dg manifold M and every cover V of M, we
have a weak equivalence of simplicial sets
F(M)
≃
−→ holimCˇV F ,
where CˇV• denotes the Cˇech nerve of the cover (namely the simplicial diagram with n-
simplices CˇVn := V×M · · · ×M V).
We now explain how every L∞ space parametrized by
(
X,Ω∗X ,Ω
≥1
X
)
defines a derived stack. Let
(X, g) be such an L∞ space. Observe that given a smooth map f : Y → X, we obtain a curved L∞
algebra over Ω∗Y by
f∗g := f−1g⊗f−1Ω∗
X
Ω∗Y ,
where f−1g denotes the sheaf of smooth sections of the pullback vector bundle f−1V .
Definition 4.3. For (X, g) an L∞ space parametrized by
(
X,Ω∗X ,Ω
≥1
X
)
, its functor of points
Bg : ndgManop → sSets sends the nil dg manifold M to the simplicial set Bg(M) in which an
n-simplex is a pair (f, α): a smooth map f : M → X and a solution α to the Maurer-Cartan
equation in sections over M of the L∞ algebra f
∗g⊗Ω∗
M
IM ⊗R Ω
∗(△n).
The notation is such as to hint at the connection to classifying spaces. See [GG15] or [Get09]
for further discussion of the functor Bg. A central result of [GG15] is then the following.
Theorem 4.4 (Theorem 4.8 [GG15]). The functor Bg associated to an L∞ space (X, g) is a derived
stack.
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This theorem extends to more general L∞ spaces, e.g., where we change the parametrizing dg
nil-thickened manifold, as we now describe.
Let BgA = (X, gA) denote an L∞ space parametrized by (X,AX ,IX). Given a smooth map
f : Y → X, we obtain a curved L∞ algebra over Ω
∗Y by
f∗gA := f−1gA ⊗f−1Ω∗
X
Ω∗Y ,
where f−1gA denotes sheaf of smooth sections of the pullback vector bundle f−1V and where we
equip f−1gA as a module over f−1Ω∗X via restriction of scalars.
Definition 4.5. For BgA = (X, gA) an L∞ space parametrized by (X,AX ,IX), its functor of
points is the functor
BgA : ndgManop → sSets
for which an n-simplex of BgA(M) is a pair (f, α): a smooth map f :M → X and a solution α to
the Maurer-Cartan equation in f∗gA ⊗Ω∗
M
IM ⊗R Ω
∗(△n).
Theorem 4.6. The functor BgA associated to an L∞ space Bg
A parametrized by a dg nil-thickened
manifold (X,AX ,IX) defines a derived stack.
Proof. The proof is the same as Theorem 4.8 of [GG15], restated as Theorem above, see Appendix
C of op. cit. There are two key properties which continue to hold given a nilpotent dg manifold
M = (M,OM,IM) and a fixed map f :M → X. The first is that Bg
A(M) is the discrete simplicial
sheaf of smooth maps M → X. The second observation is that the sheaf f∗gA ⊗Ω∗
M
I
k−1
M /I
k
M is
given as sections of a vector bundle on M . With these two properties, the same Artinian induction
argument works as in op. cit. 
5. Examples
5.1. Basic examples over XdR. Let X be a smooth manifold and consider the dg nil-thickened
manifold
(
X,Ω∗X ,Ω
≥1
X
)
. We describe several L∞ spaces over this parametrizing space.
(1) The 0 vector space has a canonical L∞ algebra structure, so (X, 0) defines an L∞ space.
Notice that C∗(0) ∼= Ω∗X as we are doing linear algebra over the cdga Ω
∗
X .
(2) Consider the Ω♯X module
gX = Ω
♯
X(TX [−1]).
Building on ideas of Kapranov [Kap99] and Costello [Cos], we showed in [GG14] (see also
[GG15] for further discussion) that (X, gX) is an L∞ space encoding the smooth structure
of X. In particular, we have that
C∞X →֒ dR(J)
∼= C∗(gX)
is a quasi-isomorphism of ΩX algebras.
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(3) Similar to previous example (though preceding it historically), if further X is a complex
manifold, then we can complexify forms and use the holormphic tangent bundle to define
an L∞ algebra
gX
∂
= Ω♯X
(
T 1,0X [−1]
)
.
The L∞ space (X, gX
∂
) is a derived enhancement ofX as a complex manifold (e.g., C∗(gX
∂
) ≃
OX) and the associated derived stack (as in the preceding section) represents the moduli of
holomorphic maps to X.
(4) Let ρ : L→ TX be a Lie algebroid. We can define an L∞ space (X, gL) which is a general-
ization of examples (1)-(3) above. Indeed, define
gL = Ω
♯
X(TX [−1]⊕ L).
We prove in [GG] that gL is a curved L∞ algebra over Ω
∗
X such that we have a quasi-
isomorphism of Ω∗X algebras
C∗(L)
∼
−→ C∗(gL).
Note that in op. cit., the L∞ space (X, gL) is denoted enhL.
5.2. Holomorphic families of formal moduli problems. Now let X be a complex manifold;
we will describe several L∞ spaces over
(
X,Ω0,∗X ,Ω
0,≥1
X
)
. As mentioned previously, one can think
of these L∞ spaces as describing a family of formal moduli problems which depend holomorphically
on X.
(5) Let (X,OX) →֒ (Y,OY ) be a closed embedding of complex manifolds; let N denote the
normal bundle of this embedding. In [Yu], Yu proves that
gN
def
= Ω0,♯(N [−1])
has the structure of a curved L∞ algebra over
(
X,Ω0,∗X ,Ω
0,≥1
X
)
.
(6) Consider the diagonal embedding (for X a complex manifold) ∆ : X →֒ X×X. In this case
the construction of Yu, as in the preceding example, recovers the L∞ algebra structure on
the shifted holomorphic tangent bundle Ω0,♯(T [−1]) originally due to Kapranov [Kap99].
Alternatively, the same L∞ space can be realized by starting from the L∞ space (X, gX
∂
) of
example (3) and using the anti-holomorphic projection onto the (0, ∗) component to obtain
an L∞ space parametrized by
(
X,Ω0,∗X ,Ω
0,≥1
X
)
.
5.3. Descending to XdR. As illustrated by example (6) of the preceding section, an L∞ space over
the (complex) de Rham space naturally leads to a holomorphic L∞ space. Similarly, for a smooth
manifold an L∞ space over the de Rham space leads to an uncurved L∞ space over (X,C
∞
X , 0).
The converse of the statements is in general obstructed and requires equipping the family of moduli
problems with a connection which is flat up to homotopy.
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We consider a simple example over Rn to simplify explicit comparison, though the same behavior
is exhibited over an arbitrary manifold. Further, we will compare the Maurer-Cartan sets–the 0-
simplices of the associated Maurer-Cartan spaces–of two explicit dglas to illustrate the difference
between working over smooth functions versus the de Rham complex.
Let n be a differential graded lie algebra over the algebra of smooth functions on Rn, e.g., n
could be given as the sections of a bundle of dglas over Rn. There is an associated dgla over the
de Rham complex
n˜ := n⊗C∞
Rn
Ω∗
Rn
,
with 1-ary bracket (differential) given by ℓ˜1 = ℓ1⊗ Id+ Id⊗ ddR and the 2-ary bracket ℓ2 extended
linearly over Ω∗
Rn
. There is a surjective map of L∞ algebras q : n˜ → n and we have an induced
surjection at the level of Maurer-Cartan sets MC(q) : MC(n˜)→ MC(n) (actually, following [Get09]
the map q induces a fibration ofMaurer-Cartan spaces). The map MC(q) does not admit a canonical
section, indeed if we view an element α ∈ MC(n) as a smooth family of solutions to the Maurer-
Cartan equation, then a choice of lift α˜ ∈ MC(n˜) is further data such that α˜ is flat up to homotopy.
Even more explicitly, the degree 1 part of n˜ is given by
n˜1 = · · · ⊕ n−1{dxi ∧ dxj} ⊕ n0{dxi} ⊕ n1.
For A = A1−n + · · · + A−1 + A0 + A1 ∈ n˜1 to be a Maurer-Cartan element it needs to satisfy a
system of equations (sorted by form degree):
ℓ1(A1) +
1
2ℓ2(A1, A1) = 0
ddRA1 + ℓ1(A0) + ℓ2(A1, A0) = 0
ddRA0 + ℓ1(A−1) + ℓ2(A1, A−1) +
1
2ℓ2(A0, A0) = 0
...
...
ddRA2−n + ℓ1(A1−n) + ℓ2(A1, A1−n) + ℓ2(A0, A2−n) + · · · = 0.
The first equation is just the Maurer-Cartan equation for n, we can make sense of the others by
define a differential ∂ = ℓ1 + ℓ2(A1,−), then the second equation becomes
−ddRA1 = ∂A0.
That is, A1 is flat up to an exact correction term. The second equation then says that the correction
A0 satisfies the Maurer-Cartan equation up to a higher correction
−ddRA0 −
1
2
ℓ2(A0, A0) = ∂A−1,
and so on and so on.
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6. An extended example: resolving a smooth manifold over a Lie algebroid
Let ρ : L → TX be a Lie algebroid. We construct an L∞ space BgXL = (X, gXL) over the
augmented dg manifold
(
X,C∗L,C≥1L
)
as follows.
Proposition 6.1. Let ρ : L→ TX be a Lie algebroid. There is a curved L∞ algebra gXL over C
∗L,
with nilpotent ideal C≥1L, such that
(1) gXL
∼= C♯L⊗C∞
X
L[−1] as C♯L modules;
(2) dRL(JL) ∼= C
∗(gXL) as commutative C
∗L algebras;
(3) We have a quasi-isomorphism of C∗L algebras
C∞X
≃
−→ dRL(JL).
Proof. This proof mimics that of Lemma 4.12 of [GG15] in which case L = TX and ρ is the identity.
We recall some relevant facts from Section 4.2.5 of [CVdB10]. The L-jets are filtered (as in the
standard case) and we have a canonical isomorphism
Gr JL = ŜymC∞
X
(L∨),
so in particular for each k ≥ 0 we have an isomorphism
F kJL/F
k+1JL = Sym
k(L∨).
By picking a C∞X -linear splitting of the map F
1JL → C
∞
X , we obtain–via the universal property of
symmetric algebras–an isomorphism
ŜymC∞
X
(L∨)
∼=
−→ JL.
This isomorphism depends on the choice of splitting, however, the space of splittings is contractible
and the resulting L∞ structure will be unique up to isomorphism.
Further recall from [CVdB10], that JL has a flat L-connection ∇. Indeed, for φ ∈ JL, D ∈ UL,
and χ ∈ L the connection is given by
∇χ(φ)(D) = χ · φ(D)− φ(χD).
Hence, via the isomorphism above we obtain a commutative C∗L algebra
C∗(gXL)
def
= C∗L⊗C∞
X
ŜymC∞
X
(L∨),
which equips C♯L⊗C∞
X
L[−1] with the structure of an L∞ algebra over C
∗L.
Property (2) is obvious from the construction and (3) is exactly Lemma 4.2.4 of [CVdB10].

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6.1. Characteristic Classes for BgXL. In this section we define natural characteristic classes
for our L∞ space BgXL . We use a Chern-Weil style approach with Atiyah classes to recover the
primary classes of the Lie algebroid L.
Let E be a vector bundle over the smooth manifold X. Our goal is to find the obstruction to E
defining a representation of L. Via Proposition 6.5 below, we can rephrase this problem in terms
of Atiyah classes. Let us outline our construction (which follows a similar vein as in Section 11 of
[GG14]):
(1) In the previous section, we have resolved C∞X as a C
∗L algebra using L-jets and the L-de
Rham complex
dRL(JL) ≃ C
∞
X .
(2) Similarly, after splitting the canonical quotient map JL(E )→ E , we can resolve E as a C
∗L
algebra
dRL(JL(E )) ≃ E ,
where the module structure on the right hand side is given by the map C∗L→ C∞X .
(3) The dg module dRL(JL(E )) over the dg algebra dRL(JL) admits a flat connection.
(4) The Atiyah class of this connection measures the failure of the connection to be compatible
with the C∗L algebra structures.
(5) The Chern classes built from the Atiyah class recover the Chern classes of E.
To justify step (2) in the outline, we have the following L-jet analog of Lemma E.2 of [GG15].
Lemma 6.2. Let E be a locally free C∞X module and ν : E → JL(E ) a splitting of the quotient map
p : JL(E )→ E , then we have a quasi-isomorphism of dRL algebras
dRL(JL(E )) ≃ E .
Further, we have an isomorphism induced by ν
iν : JL ⊗C∞
X
E ∼= JL(E ).
Recall from Proposition A.1 that JL(E ) is a module over JL. Therefore, dRL(JL(E )) is a dg
module over dRL(JL). It turns out that this module has a natural connection.
Proposition 6.3. As a differential graded module over dRL(JL), dRL(JL(E )) is equipped with a
flat connection, i.e., there exists a map
∇˜ν : dRL(JL(E ))→ dRL(JL(E ))⊗dRL(JL) Ω
1
dRL(JL)
such that
∇˜ν(e · j) = e⊗ ddR(j) + (−1)
|j|∇˜ν(e) · j
and ∇˜2ν = 0.
11
Proof. The isomorphism iν of Lemma 6.2 induces an isomorphism
dRL(JL(E )) = dRL ⊗C∞
X
JL(E ) ∼=iν dRL ⊗C∞X JL ⊗C
∞
X
E = dRL(JL)⊗C∞
X
E ∼= E ⊗C∞
X
dRL(JL).
Consequently, we have an isomorphism
dRL(JL(E ))⊗dRL(JL) Ω
1
dRL(JL)
∼= E ⊗C∞
X
Ω1dRL(JL).
It is then easy to verify that the map
∇˜ν : E ⊗C∞
X
dRL(JL)
1⊗ddR−−−−→ E ⊗C∞
X
Ω1dRL(JL)
defines a flat connection. 
Now, there is no reason for ∇˜ν to be compatible with the internal differential of dRL(JL(E )).
Equivalently, ∇˜ν may fail to be a map of dRL-modules. Such failure is measured by the Atiyah
class
At(∇˜ν) ∈ Ω
1
dRL(JL)
⊗dRL(JL) EnddRL(JL)(dRL(JL(E ))).
Since our connection ∇˜ν is flat, the associated Chern classes are closed (Proposition B.3), i.e.,
chk(∇˜ν) ∈ Ω
k
dRL(JL),cl
.
Proposition 6.4. We have a quasi-isomorphism of C∗L-algebras
ΩkdRL(JL),cl ≃ C
≥kL.
Proof. By Lemma 4.3.6 of [CVdB10], we have an isomorphism of dg-algebras
dRL(JL(C
∗L))
∼=
−→ Ω∗dRL(JL).
Now by Lemma 6.2 (which follows from Lemma 4.2.4 of [CVdB10]), we have a quasi-isomorphism
C∗L-algebras
C∗L
≃
−→ dRL(JL(C
∗L)).
The lemma now follows from the definition of closed forms, as the relevant double complex degen-
erates into the truncated complex of cochains C≥kL. 
Proposition 6.5. The connection ∇˜ν induces an L-connection ∇0 on E. Further, the curvature
of ∇0 corresponds to the constant term of the Atiyah class At(∇˜ν).
Proof. That ∇˜ν induces an L-connection ∇0 is completely analogous to Proposition 11.5 of [GG14]:
∇0 is given by p ◦ ∇˜ν ◦ JL. The curvature of ∇0 is a local computation as in Lemma 11.6 of
[GG14]. 
Corollary 6.6. For each k, the Chern class chk(∇˜ν) computes the kth Chern class of the bundle
E, i.e., under the identification of Proposition 6.4 we have
chk(∇˜ν) = ρ
∗chk(E) ∈ H
2k
L ,
where ρ : L→ TX is the anchor map.
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Proof. At the level of cohomology, the output of the Chern-Weil construction is independent of the
choice of connection. Hence the corollary follows immediately. Note that when computing primary
invariants we can assume without loss of generality that any L-connection is actually the pullback
of a TX -connection, i.e., the usual notion of connection on the vector bundle E over X. 
Appendix A. The L-jets functor
The∞-jet of a smooth function provides a coordinate-free way to work with its Taylor expansion
(more accurately, its Taylor expansion at every point). The jet bundle J → X is an infinite-rank
vector bundle equipped with a canonical flat connection such that a section is flat if and only if it
is the ∞-jet of a smooth function. Following [CRvdB10], we recall the corresponding construction
of the jets of a Lie algebroid ρ : L→ TX .
We define the sheaf of L-jets JL by
JL
def
= HomC∞
X
(UL, C
∞
X ),
where HomC∞
X
denotes the sheaf-hom of C∞X -module sheaves and UL is the universal enveloping
algebra of the Lie algebroid L. Since UL is canonically filtered, so are the L-jets JL. The coalgebra
structure on UL equips JL with the structure of a commutative algebra.
This definition extends naturally: for E a C∞X -module, we define
JL(E )
def
= HomC∞
X
(UL,E ),
and call it the L-jets of E .
The following result from Section 5.3 of [CRvdB10] will play a useful role for us.
Proposition A.1.
(a) JL is a commutative C
∞
X -module.
(b) For a C∞X -module E , its L-jets JL(E ) is a JL-module.
The L-jets have a natural flat L-connection ∇ given by
∇X(φ)(D) = ρ(X)(φ(D)) − φ(XD),
for X ∈ L, φ ∈ JL, and D ∈ UL. We then have a commutative ΩL dg algebra given by
dRL(JL)
def
= (ΩL ⊗C∞
X
JL,∇).
More generally, we obtain a functor from left UL modules to left ΩL modules which we denote by
dRL. It is standard, that we have identifications
UTX
∼= DX and C
∗TX ∼= ΩX .
So for L = TX
Id
−→ TX , we recover the standard infinity jet and de Rham functors which are basic
constructions in the theory of D-modules.
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Appendix B. Atiyah Classes
There is a reformulation of Atiyah classes due to Kapranov [Kap99] and Calaque-van den Bergh
[CVdB10]. It generalizes the original setting of Atiyah [Ati57]. Indeed, if we let R = (Ω0,∗(X), ∂),
M = (Ω0,∗(E), ∂), and∇ be a connection on the holomorphic bundle E → X which satisfies Leibniz
with respect to ∂, then the formalism below exhibits the Atiyah class At(∇) as the obstruction to
extending ∇ to a holomorphic connection.
Let R = (R#, d) be a commutative dg algebra over a base ring k. The underlying graded algebra
is denoted R#. We denote the Ka¨hler differentials of R by Ω1R and let ddR : R → Ω
1
R denote the
universal derivation, which extends to a differential ddR : Ω
k
R → Ω
k+1
R .
Definition B.1. Let M be an R-module that is projective over R#. A connection on M is a
k-linear map ∇ : M →M ⊗R Ω
1
R such that
∇(r ·m) = (ddRr)m+ (−1)
|r|r∇m,
for all r ∈ R and m ∈M .
A connection may not be compatible with the differential dM on M , and the Atiyah class is
precisely the obstruction to compatibility between ∇ and the dg R-module structure on M .
Definition B.2. The Atiyah class of ∇ is the class in Ω1R ⊗R EndR(M) given by
At(∇) = [∇, d] = ∇ ◦ dM − dΩ1
R
⊗RM
◦ ∇.
Assume that we have a trace map Tr : EndR(M)→ R, then we define the Chern character of ∇
by
ch(∇) := Tr exp
(
At(∇)
−2πi
)
.
We let chk(∇) denote the homogeneous component of ch(∇) in Ω
k
R. Hence,
chk(∇) = Tr
(
1
k!(−2πi)k
At(∇)k
)
.
Note that chk(∇) is an element of degree k in Ω
k
R.
We recall the following from [GG14, Corollary 6.7, Proposition 6.8, and Corollary 7.2].
Proposition B.3. For At(∇) ∈ Ω1R ⊗R EndR(M) and chk(∇) ∈ Ω
k
R, we have the following.
• At(∇) is a cocycle, i.e., dΩ1
R
⊗REndR(M)
At(∇) = 0;
• If ∇2 = 0 and ∇End is the induced connection on EndR(M), then At(∇) is horizontal, i.e.,
∇EndAt(∇) = 0;
• If ∇2 = 0, then chk(∇) is closed under both ddR and dΩR.
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